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Abstract

In this paper, nonlinear oscillations and chaotic dynamics of a simply supported antisymmetric cross-ply
laminated composite rectangular thin plate under parametric excitation is investigated for the first time.
The governing equations of motion for the antisymmetric cross-ply laminated composite plate are derived
by using von Karman-type plate equation. The geometric nonlinearity and nonlinear damping are included
in the governing equations of motion. A two dof parametrically excited nonlinear system including the
quadratic and cubic nonlinear terms is obtained by using the Galerkin method. Based on the Fourier
expansion and the temporal rescaling, an asymptotic perturbation method is utilized to obtain four-
dimensional nonlinear averaged equations on the amplitude and the phase of nonlinear oscillations of the
antisymmetric cross-ply laminated composite plate. Based on the averaged equations, the steady-state
nonlinear responses and their stabilities are determined by using numerical approach. The relations
between the steady-state nonlinear responses and the amplitude and frequency of parametric excitation are
obtained. Under the certain conditions, the antisymmetric cross-ply laminated composite plate may have
two steady-state nonzero solutions in which the jumping phenomenon occurs. Numerical simulation is used
to discover the periodic and chaotic motions in the antisymmetric cross-ply laminated composite
see front matter r 2004 Elsevier Ltd. All rights reserved.
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rectangular thin plate. It is observed from the numerical results that the multipulse orbits exist in the
antisymmetric cross-ply laminated composite rectangular thin plate.
r 2004 Elsevier Ltd. All rights reserved.
1. Introduction

Due to laminated composite plates having the light weight and high stiffness, they have been
widely used in many engineering structures, such as large space station, aircraft, automotive,
robot arm and underwater structure. These engineering applications have motivated the interest
of researchers in introducing new mathematical models and investigating approaches to predict
the complex nonlinear dynamics of laminated composite plates in the case of large deformation.
The fiber orientation, the number of layers and their lay-up in laminated composite thin plates
introduce many complicated nonlinear dynamic behavior, for example, twisting–bending coupling
and stretching–bending coupling of materials. In order to use correctly and effectively laminated
composite thin plates in engineering applications, it is necessary to consider different kinds of
laminated composite thin plates, such as symmetric and antisymmetric cross-ply laminated
composite thin plates. Because the governing differential equations of transverse motion for the
antisymmetric cross-ply laminated composite rectangular thin plate are different from ones for
symmetric cross-ply laminated composite rectangular thin plate, their nonlinear dynamic
characteristics are also different.
In the past two decades, there have been several researches on nonlinear dynamics of the single

or multiple modes of laminated composite plates. In [1,2], we studied nonlinear dynamics of a
parametrically excited simply supported symmetric cross-ply laminated composite rectangular
thin plate. Bhimaraddi [3] utilized the van Karman’s plate theory to establish the governing
equations of motion for imperfect antisymmetric angle-ply laminated composite plates and
analyzed the effect of initial imperfections on the responses of laminated composite plates. Shih
and Blotter [4] gave nonlinear vibration analysis of arbitrarily laminated rectangular thin plates
on elastic foundations with simply supported and clamped boundary conditions. Flutter of
geometrically imperfect shear deformable laminated flat panels was investigated by Chandiramani
et al. [5] using the Galerkin method and arclength continuation method. Oh and Nayfeh [6] used
experimental method to study nonlinear combination resonances in cantilever laminated
composite plates to a harmonic transverse excitation. Abe et al. [7] utilized the method of
multiple scales to investigate the two-mode response of simply supported rectangular thin
laminated plates subjected to harmonic excitation. Ribeiro and Petyt [8] employed the hierarchical
finite element approach to investigate multi-mode geometric nonlinear free oscillations of fully
clamped laminated composite plates. In Refs. [9,10], Ganapathi et al. used the finite element
method to study the nonlinear instability behavior of laminated composite plate subjected to
periodic in-plane load. Recently, Harras and Benamar [11] investigated geometrically nonlinear
free oscillations of fully clamped symmetrically laminated rectangular composite plates and
analyzed the effect of nonlinearity on the resonant frequencies and the nonlinear fundamental
mode shape. Tanriover and Senocak [12] gave large deflection analysis of unsymmetrically
laminated composite plate by using the Galerkin method and Newton–Raphson method.
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At the same time, researchers have done many investigations on nonlinear oscillations,
bifurcations, and the chaos of the thin plate and shallow arch. Hadian and Nayfeh [13] studied
asymmetric response of nonlinear clamped circular plates subjected to harmonic excitations
and considered the case of a combination-type internal resonance. Feng and Sethna [14] made
use of a global perturbation method to study the global bifurcations and chaotic dynamics
of thin plate under parametric excitation and obtained the conditions in which the Silnikov-type
homoclinic orbits and chaos can occur. Chang et al. [15] investigated the bifurcations and chaos
of a rectangular thin plate with 1:1 internal resonance. Sassi and Ostiguy [16] studied the
effects of initial geometric imperfections on the interaction between forced and parametric
nonlinear oscillations for a simply supported rectangular thin plate subjected to in-plane
periodic excitation. Malhotra and Sri Namachchivaya [17] used the averaging method and the
Melnikov approach to study the local, global bifurcations and chaos of a two dof shallow
arch subjected to simple harmonic excitation for the case of internal resonance. Popov
et al. [18] investigated the interaction between different modes of shell oscillations and
bifurcations under parametric excitation. Anlas and Elbeyli [19] studied nonlinear dynamics of
a simply supported rectangular plate subjected to transverse harmonic excitation. Zhang [20]
investigated the global bifurcations and chaotic dynamics for a parametrically excited simply
supported thin plate.
In the history on the study of nonlinear oscillations, many asymptotic perturbation techniques,

such as the averaging method, the method of multiple scales and the harmonic balance method,
have been widely used to construct the approximate solutions for weakly nonlinear systems. In
general situations, analysis is carried out only up to the first-order approximation since higher-
order terms do not have the influence on the qualitative behavior of the asymptotic solutions.
However, the quadratic nonlinearities cannot appear in the first-order approximate solutions
when they exist in the original nonlinear systems. Therefore, in order to acquire better qualitative
and quantitative characteristics of nonlinear systems including the quadratic and cubic
nonlinearities, the second-order averaging or perturbation procedure should be considered in
the aforementioned situations.
The averaging method [21] has played a very important role in the study of nonlinear

oscillations for a long time. The method of multiple scales was systematically introduced by
Nayfeh [22] and has been applied extensively to study nonlinear oscillations and bifurcations in
the cases of primary, sub-harmonic and super-harmonic resonances. It has been proved that this
method is a powerful tool in determining periodic solutions of small amplitude. The harmonic
balance method [23] was also used to study the stable and unstable periodic solutions of nonlinear
systems. A satisfying expression for the periodic solution is obtained by using a sufficiently large
number of harmonic terms, which often leads to complicated algebraic manipulations. However,
the computer symbolic programs can be applied to construct the resulting nonlinear algebraic
equations. In a series of papers [24–28], an asymptotic perturbation method was developed by
Maccari based on the slow temporal rescalings and balancing of harmonic terms with a simple
iteration. In the certain sense, the asymptotic perturbation method can be considered as an
attempt to link the most useful characteristics of the harmonic balance method and the method of
multiple scales. The asymptotic perturbation method provides a systematic means to obtain
increasingly accurate solution by increasing the order of approximation in terms of the small
parameter �: This processes is finished by three steps: (1) obtaining the form of solution in term of
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harmonic components; (2) introducing a slow time-scale; and (3) solving directly for the various
harmonic components via harmonic balance.
The objective of this paper is to consider nonlinear oscillations and chaotic dynamics of a

simply supported at the four-edges, antisymmetric cross-ply laminated composite rectangular thin
plate subjected to parametric excitation. Because the quadratic and cubic nonlinear terms exist in
the governing differential equations of transverse motion, different studying method from one
used for symmetric cross-ply laminated composite rectangular thin plate will be utilized to find
new nonlinear phenomena in this paper. The study is focused on the case of 1:1 internal resonance
and primary parametric resonance. First, considering geometric nonlinearity and nonlinear
damping, the governing partial differential equations of motion for the antisymmetric cross-ply
laminated composite rectangular thin plate are derived based on the von Karman-type nonlinear
plate equation. A parametrically excited two dof nonlinear system including the quadratic and
cubic nonlinear terms is obtained by using the Galerkin method. Then, the asymptotic
perturbation method developed by Maccari [24–28] is used to reduce the second-order
nonautonomous nonlinear differential equations including the quadratic and cubic nonlinear
terms to the first-order averaged equations. The stability of steady-state solutions is analyzed.
Finally, using numerical method, the averaged equations are analyzed to obtain the steady-state
nonlinear responses for the antisymmetric cross-ply laminated composite rectangular thin plate.
The results obtained here reveal that under the certain conditions laminated composite
rectangular thin plate may have two steady-state nonzero solutions in which the jumping
phenomenon occurs. Numerical simulation is also used to discover the periodic and chaotic
motions in the antisymmetric cross-ply laminated composite rectangular thin plate. It is observed
from the numerical results that the multipulse orbits exist in the antisymmetric cross-ply
laminated composite rectangular thin plate.
2. Formulation for equations of motion

A simply supported at the four-edges antisymmetric cross-ply laminated composite rectangular
thin plate subjected to in-plane excitation is considered, as shown in Fig. 1. The laminated
composite plate under considered here consists of n viscoelastic layers and is thought to be
macroscopically homogeneous and orthotropic, where n is an even number. In order to simplify
x

y

NN + cosθt10

z

Fig. 1. The model of a rectangular antisymmetric cross-ply laminated composite plate.
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the following analytical procedure, it is thought that the thickness of each layer is same. The edge
width and length of the plate in the x and y directions are, respectively, a and b and the thickness
is h: A Cartesian coordinate Oxy is located in the middle surface of the plate. Assume that the u; v;
and w represent the displacements of a point in the middle surface of the plate in the x; y; and z

directions, respectively. The excitation in-plane of the plate is distributed along the y direction at
x ¼ 0 and a and is of the form �ðN0 þ N1 cos ytÞ: Let Tx represent the nonlinear damping which
is distributed along the y direction at x ¼ 0 and a:
Classical plate theory is used extensively to analyze the plates whose length-to-thickness ratio is

of the order of 25 or greater, that is, the thin plates [29]. Because the main interest in this paper is
focused in the analytical and numerical researches on nonlinear oscillations and chaotic dynamics
of the four-edges antisymmetric cross-ply laminated composite rectangular thin plate subjected to
in-plane excitation, we will not consider shear deformation in order to simply the following
analysis. When the antisymmetric cross-ply laminated composite rectangular thin plate is
simultaneously subjected to in-plane and transverse excitations, it is necessary to consider shear
deformation of the antisymmetric cross-ply laminated composite rectangular thin plate. In
addition, the displacement field approximations across the laminate thickness is utilized in the
following investigation.
According to the von Karman-type plate theory and assumption on flexible plate [30–32], the

nonlinear equations of motion for the antisymmetric cross-ply laminated composite rectangular
thin plate in-plane and out-of-plane are given as

Nx;x þ Nxy;y ¼ 0; (1a)

Nxy;x þ Ny;y ¼ 0; (1b)

Mx;xx þ 2Mxy;xy þ My;yy þ Nxw;xx þ 2Nxyw;xy þ Nyw;yy � zw;t � rhw;tt ¼ 0; (1c)

where Nx; Ny and Nxy represent membrane forces, Mx; My and Mxy represent flexural moments,
r is the density of the plate and z is the linear damping coefficient.
For the case of regular, antisymmetric cross-ply laminated composite plate with viscoelastic

characteristic, the force and moment resultants, which are related to the strains and curvatures,
are expressed as

Nx

Ny

Nxy

Mx

My

Mxy

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;

¼

A11 A12 0 B11 0 0

A12 A22 0 0 �B11 0

0 0 A66 0 0 0

B11 0 0 D11 D12 0

0 �B11 0 D12 D22 0

0 0 0 0 0 D66

2
6666666664

3
7777777775

�x

�y

�xy

kx

ky

kxy

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;
: (2)

It is noticed from Eq. (2) that the expression of the force and moment resultants for antisymmetric
cross-ply laminated composite plate is different from one for symmetric cross-ply laminated
composite plate.
It is known that the extensional stiffnesses Aij (i ¼ 1; 2 and j ¼ 1 ,2; i ¼ 6 and j ¼ 6), the

flexural stiffnesses Dij (i ¼ 1; 2 and j ¼ 1; 2; i ¼ 6 and j ¼ 6), and the flexural–extensional
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coupling stiffnesses Bij (i ¼ 1; j ¼ 1; i ¼ 2; j ¼ 2) are, respectively, denoted by

Aij ¼
Xn

k¼1

Z zk

zk�1

ðQijÞk dz; ði ¼ 1; 2; j ¼ 1; 2; i ¼ 6; j ¼ 6Þ; (3)

Dij ¼
Xn

k¼1

Z zk

zk�1

z2ðQijÞk dz; ði ¼ 1; 2; j ¼ 1; 2; i ¼ 6; j ¼ 6Þ; (4)

Bij ¼
Xn

k¼1

Z zk

zk�1

zðQijÞk dz; ði ¼ 1; j ¼ 1; i ¼ 2; j ¼ 2Þ; (5)

where n is the number of the viscoelastic layers.
The aforementioned coefficients Qij (i ¼ 1; 2 and j ¼ 1; 2; i ¼ 6 and j ¼ 6) are defined as

follows:

Q11 ¼
E1

1� n12n21
; Q12 ¼ Q21 ¼

n12E2

1� n12n21
¼

n21E1

1� n12n21
; Q22 ¼

E2

1� n12n21
; Q66 ¼ G12; (6)

where Eiði ¼ 1; 2Þ are Young’s modulus, nij ði; j ¼ 1; 2Þ are Poisson’s ratio and G12 is shear
modulus.
Since there are the membrane forces, the dissipation force exists along the boundaries of

laminated composite plate. The dissipation function is assumed to have the following form [33]:

D ¼

Z b

0

k

Z q

0

f ðy; qÞdqdy; (7)

where k is friction coefficient, q is velocity which can be expressed as

q ¼
qv

qt
¼

q
qt

1

2

Z a

0

qw

qx

� �2

dx

" #
; (8)

and f ðy; qÞ is assumed to be directly proportional to q: Suppose that dissipation force is uniformly
distributed along the y direction at x ¼ 0 and a: Therefore, the dissipation function can be
rewritten as

D ¼
1

2

Z b

0

k
q
qt

1

2

Z a

0

qw

qx

� �2

dx

" #( )2

dy: (9)

The nonlinear damping is defined by

Tx ¼ �
qD

qq
: (10)

The boundary conditions of simply supported antisymmetric cross-ply laminated composite
rectangular thin plate are expressed as follows:

at x ¼ 0; w ¼ u ¼ Mx ¼ Nxy ¼ 0; (11)
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at x ¼ a; w ¼ Mx ¼ Nxy ¼ 0 and Nx ¼ �
qTx

qy
� N0 þ N1 cos ytð Þ; (12)

at y ¼ 0; y ¼ b; w ¼ v ¼ My ¼ Nxy ¼ 0: (13)

According to the von Karman-type plate theory and assumption on flexible plate [30–32], the
strains �i (i ¼ x; y; xy) and curvatures ki ði ¼ x; y;xyÞ of the middle plane are related to the
displacements by

�x ¼ u;x þ
1
2
ðw;xÞ

2; �y ¼ v;y þ
1
2
ðw;yÞ

2; �xy ¼ u;y þ v;x þ w;xw;y; (14)

kx ¼ �w;xx; kxy ¼ �2w;xy; ky ¼ �w;yy: (15)

Substituting, respectively, Eqs. (2), (14) and (15) into Eq. (1) yields the governing equations of
motion for the antisymmetric cross-ply laminated composite rectangular thin plate in-plane and
out-of-plane as

A11u;xx þ A66u;yy þ A12 þ A66ð Þv;xy � B11w;xxx þ w;x A11w;xx þ A66w;yy

� �
þ ðA12 þ A66Þw;yw;xy ¼ 0;

(16)

A12 þ A66ð Þu;xy þ A11v;yy þ A66v;xx þ B11w;yyy þ w;y A11w;yy þ A66w;xx

� �
þ ðA12 þ A66Þw;xw;xy ¼ 0;

(17)

rhw;tt þ zw;t þ D11 w;xxxx þ w;yyyy

� �
þ 2 D12 þ D66ð Þw;xxyy þ B11 v;yyy � u;xxx

� �
þ B11 w;yy

� �2j
� w;xxð Þ

2
þ w;yw;yyy � w;xw;xxx� � Nxw;xx � Nyw;yy � 2Nxyw;xy ¼ 0: ð18Þ

We mainly consider nonlinear dynamics of the antisymmetric cross-ply laminated composite
rectangular thin plate in the first two modes. The experimental results given in [32] indicate that
the shape of modes for laminated composite plates is different from one for isotropic material
plates due to the effects of the fiber orientation, the number of layers and their lay-up in laminated
composite thin plates. In Ref. [30], Chia gave an expression of the first-order mode in the form of
square trigonometric terms for the solution of nonlinear oscillations of laminated composite thin
plates. It is our desirable to choose a suitable mode function to satisfy the first two modes of
nonlinear oscillations and the boundary condition for laminated composite thin plates. Therefore,
in our study, we consider the first two modes of antisymmetric cross-ply laminated composite
anisotropic plate and express w in form

wðx; y; tÞ ¼ f 1ðtÞsin
2 px

a

� �
sin2

py

b

� �
þ f 2ðtÞsin

2 2px

a

� �
sin2

py

b

� �
; (19)

where f iðtÞ ði ¼ 1; 2Þ are, respectively, the amplitudes of the first- and second-order modes.
Substituting Eq. (19) into Eqs. (16) and (17) and considering the boundary conditionZ b

0

Nxjx¼a dy ¼

Z b

0

�
qTx

qy
� N0 þ N1 cos ytð Þ

� �
dy; (20)

we can obtain the expressions of the displacements u and v: Substituting the u; v and w into
Eqs. (2), (13) and (14), we obtain the expressions of the Nx; Ny; Nxy; Mx; My and Mxy:
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Substituting the aforementioned u; v; Nx; Ny; Nxy; Mx; My and Mxy into Eq. (18) and applying
the Galerkin procedure yield the governing differential equations of transverse motion for the
antisymmetric cross-ply laminated composite rectangular thin plate

3

2
€f 1 þ €f 2 þ

3

2
Zð1þ m11f

2
1 þ m12f 1f 2Þ _f 1 þ Zð1þ m13f 1f 2 þ m14 f 22Þ

_f 2

þ O2
11ð1� 2h11 cos ytÞf 1 þ O2

12ð1� 2h12 cos ytÞf 2 þ j11f
2
1 þ j12f 1f 2

þ j13f
2
2 þ j14f

3
1 þ j15f

2
1f 2 þ j16f 1f

2
2 þ j17f

3
2 ¼ 0; ð21aÞ

€f 1 þ
3

2
€f 2 þ Zð1þ m21f

2
1 þ m22f 1f 2Þ _f 1 þ

3

2
Zð1þ m23f 1f 2 þ m24 f 22Þ

_f 2

þ O2
21ð1� 2h21 cos ytÞf 1 þ O2

22ð1� 2h22 cos ytÞf 2 þ j21f
2
1 þ j22f 1f 2

þ j23f
2
2 þ j24f

3
1 þ j25f

2
1f 2 þ j26f 1f

2
2 þ j27f

3
2 ¼ 0; ð21bÞ

where Z ¼ z=rh; the coefficients mij ði ¼ 1; 2; j ¼ 1; . . . ; 4Þ; hij ði; j ¼ 1; 2Þ; Oij ði; j ¼ 1; 2Þ; j1i ði ¼
1; . . . ; 7Þ and j2i ði ¼ 1; . . . ; 7Þ can be found in Appendix A.
In order to obtain the dimensionless equations, we introduce the transformations of variables

and parameters

~t ¼ O11t; xi ¼
ðabÞ1=2

h2
f i; O ¼

y
O11

: (22)

For simplicity, we drop the tilde in the following analysis. Substituting Eq. (22) into Eq. (21),
we obtain the equations of transverse motion of the antisymmetric cross-ply laminated composite
rectangular thin plate for the dimensionless as follows:

€x1 þ ða11 þ a12x2
1 þ a13x1x2Þ _x1 þ ða14x1x2 þ a15x2

2Þ _x2 þ ðb11 � b12 cosOtÞx1

þ ðb13 � b14 cosOtÞx2 þ g11x
3
1 þ g12x

2
1x2 þ g13x1x

2
2 þ g14x

3
2 þ g15x

2
1 þ g16x1x2 þ g17x

2
2 ¼ 0;

ð23aÞ

€x2 þ ða21x2
1 þ a22x1x2Þ _x1 þ ða23 þ a24x1x2 þ a25x2

2Þ _x2 þ ðb21 � b22 cosOtÞx1

þ ðb23 � b24 cosOtÞx2 þ g21x
3
1 þ g22x

2
1x2 þ g23x1x

2
2 þ g24x

3
2 þ g25x

2
1 þ g26x1x2 þ g27x

2
2 ¼ 0;

ð23bÞ

where aij ði ¼ 1; 2; j ¼ 1; . . . ; 5Þ; bij ði ¼ 1; 2; j ¼ 1; . . . ; 4Þ and gij ði ¼ 1; 2; j ¼ 1; . . . ; 7Þ are
dimensionless coefficients, which are presented by the Appendix B.
The above equations, which include the quadratic, cubic terms and parametric excitations,

describe nonlinear vibrations of the antisymmetric cross-ply laminated composite rectangular thin
plate in the first two modes.
Comparing the governing differential equations of transverse motion between the antisym-

metric and symmetric cross-ply laminated composite rectangular thin plates, it is observed that
the quadratic terms exist for the antisymmetric cross-ply laminated composite rectangular thin
plate. In the case of symmetric cross-ply laminated composite rectangular thin plate, the quadratic
terms do not exist in the governing differential equations of transverse motion. In order to
consider the influence of the quadratic terms on nonlinear dynamic characteristics of the
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antisymmetric cross-ply laminated composite rectangular thin plate, we need to obtain the
second-order approximate solution of Eq. (23). Up to now, it is difficult to utilize the method of
multiple scales to obtain the second-order approximate solution of Eq. (23). Therefore, in the
following analysis, we will utilize the asymptotic perturbation method presented by Maccari
[24–28] to look for the second-order approximate solution of Eq. (23). Using the asymptotic
perturbation method, we can obtain increasingly accurate solution by increasing the order of
approximation in terms of the small parameter �:
3. Asymptotic perturbation method and second-order approximate solution

In the following analysis, we use the asymptotic perturbation method [24–28] to obtain the
averaged equations of Eq. (23). Based on the averaged equations, numerical approach is utilized
to find the periodic motions and local bifurcations in the antisymmetric cross-ply laminated
composite rectangular thin plate for the first two modes.
Considering the case of primary parameter resonance and 1:1 internal resonance, we have the

following relations:

o1 ¼
O
2
þ �2s1; o2 ¼

O
2
þ �2s2; o1 � o2 (24)

where o2
1 ¼ b11 and o2

2 ¼ b23 are two linear natural frequencies, s1 and s2 are two detuning
parameters.
In order to utilize the asymptotic perturbation method to analyze nonlinear responses of

Eq. (23), the scale transformations may be introduced as

a11 ! �2a11; a23 ! �2a23; b12 ! �2b12; b13 ! �2b13;

b14 ! �2b14; b21 ! �2b21; b22 ! �2b22; b24 ! �2b24: ð25Þ

Substituting Eqs. (24) and (25) into Eq. (23) yields

€x þ ð�2a11 þ a12x2 þ a13xyÞ _x þ ða14xy þ a15y2Þ _y þ ½ðoþ �2s1Þ
2
� �2b12 cosOt�x

þ �2ðb13 � b14 cosOtÞy þ g11x
3 þ g12x

2y þ g13xy2 þ g14y
3 þ g15x

2 þ g16xy þ g17y
2 ¼ 0; ð26aÞ

€y þ ða21x2 þ a22xyÞ _x þ ð�2a23 þ a24xy þ a25y2Þ _y þ �2ðb21 � b22 cosOtÞx þ ðoþ �2s2Þ
2y

� �2b24y cosOt þ g21x
3 þ g22x

2y þ g23xy2 þ g24y
3 þ g25x

2 þ g26xy þ g27y
2 ¼ 0; ð26bÞ

where o ¼ O=2:
Now we introduce the temporal rescaling

t ¼ �qt; (27)

where q is a rational positive number, which will be fixed afterwards. The value of q fixes the
magnitude order of the temporal asymptotic limit in such a way that the nonlinear effects become
consistent and not negligible. If t ! 1; we set � ! 0; so the value of t keeps finite.
Taking � ¼ 0 in Eq. (26) and neglecting all nonlinear terms, it is found that resulting linear

equation has simple harmonic solutions

xðtÞ ¼ A1 expð�iotÞ þ cc; yðtÞ ¼ A2 expð�iotÞ þ cc; (28)



ARTICLE IN PRESS

M. Ye et al. / Journal of Sound and Vibration 287 (2005) 723–758732
where A1 and A2 are two constants depending on initial conditions and cc represents the parts of
complex conjugate. It is considered that the nonlinear effects will induce the modulation of the
amplitudes A1 and A2 and the appearance of higher harmonics. The slow modulation resulted
from the nonlinear terms can be determined by means of the rescaled time (27).
Assuming that solutions xðtÞ and yðtÞ of Eq. (26) can be expressed in a power series of small

parameter �; we have

xðtÞ ¼
Xþ1

n¼�1

�rncnðt; �Þ expð�inotÞ; (29a)

yðtÞ ¼
Xþ1

n¼�1

�rnfnðt; �Þ expð�inotÞ; (29b)

where rn ¼ jnj for na0; and r0 ¼ r is a positive number which will be fixed later on.
Considering the real part of solutions xðtÞ and yðtÞ yields

cnðt; �Þ ¼ c�
�nðt; �Þ; (30a)

fnðt; �Þ ¼ f�
�nðt; �Þ; (30b)

where the asterisk denotes complex conjugate.
Therefore, the assumed solution (29) can be rewritten more explicitly as follows

xðtÞ ¼ �rc0ðt; �Þ þ ð�c1ðt; �Þ expð�iotÞ þ �2c2ðt; �Þ expð�2iotÞ

þ �3c3ðt; �Þ expð�3iotÞ þ �4c4ðt; �Þ expð�4iotÞ þ ccÞ þ Oð�5Þ; ð31aÞ

yðtÞ ¼ �rf0ðt; �Þ þ ð�f1ðt; �Þ expð�iotÞ þ �2f2ðt; �Þ expð�2iotÞ

þ �3f3ðt; �Þ expð�3iotÞ þ �4f4ðt; �Þ expð�4iotÞ þ ccÞ þ Oð�5Þ: ð31bÞ

We find that the solutions have been considered as the combination of different harmonics with
the coefficients depending on both t and �: Suppose that functions cnðt; �Þ and fnðt; �Þ can be
expanded in power series of small parameter �

cnðt; �Þ ¼
X1
i¼0

�icðiÞ
n ðtÞ; (32a)

fnðt; �Þ ¼
X1
i¼0

�ifðiÞ
n ðtÞ: (32b)

It is also assumed that the limits of functions cnðt; �Þ and fnðt; �Þ as � ! 0 exist and are finite.
For simplicity of analysis, we use abbreviations cð0Þ

n ¼ cn and fð0Þ
n ¼ fn for na1 and cð0Þ

1 ¼ c;
fð0Þ
1 ¼ f for n ¼ 1: Note that the introduction of the temporal rescaling (27) implies that

d

dt
ðcn expð�inotÞÞ ¼ �inocn þ �q dcn

dt

� �
expð�inotÞ; (33a)
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d

dt
ðfn expð�inotÞÞ ¼ �inofn þ �q dfn

dt

� �
expð�inotÞ: (33b)

In order to determine coefficients cnðt; �Þ and fnðt; �Þ; we substitute solution (29) into Eq. (26)
and obtain the equations for each harmonic with order n and for a fixed order of approximation
on the perturbation parameter �:
For n ¼ 0; we obtain

�rc0o
2 þ 2�2g15jcj

2 þ �2g16ðcf
�
þ c�fÞ þ 2�2g17jfj

2 ¼ 0; (34a)

�rf0o
2 þ 2�2g25jcj

2 þ �2g26ðcf
�
þ c�fÞ þ 2�2g27jfj

2 ¼ 0: (34b)

The correct balance of terms results r ¼ 2 and the following relations are obtained:

c0 ¼ �
2g15jcj

2 þ g16ðcf
�
þ c�fÞ þ 2g17jfj

2

o2
; (35a)

f0 ¼ �
2g25jcj

2 þ g26ðcf
�
þ c�fÞ þ 2g27jfj

2

o2
: (35b)

For n ¼ 2; taking into account Eq. (33) yields

�3�2o2c2 þ �2g15c
2
þ �2g16cfþ �2g17f

2
¼ 0; (36a)

�3�2o2f2 þ �2g25c
2
þ �2g26cfþ �2g27f

2
¼ 0 (36b)

and the correspondent relations

c2 ¼
g15c

2
þ g16cfþ g17f

2

3o2
; (37a)

f2 ¼
g25c

2
þ g26cfþ g27f

2

3o2
: (37b)

For n ¼ 1; based on Eq. (26), we have

� 2�1þqio _c� i�3a11oc� i�3a12ojcj2c� i�3a13oc
2f�

� i�3a14of
2c�

� i�3a15ojfj2f

þ 2�3os1cþ �3b13fþ 3�3g11jcj
2cþ 2�3g12jcj

2fþ �3g12c
2f�

þ 2�3g13cjfj
2 þ �3g13f

2c�

þ 3�3g14jfj
2f� �3

b14f
�
þ b12c

�

2
þ 2g15ð�

3c�c2 þ �1þrc0cÞ þ g16�
3ðc�f2 þ c2f

�
Þ

þ g16�
1þrðc0fþ cf0Þ þ 2g17�

3ðf0fþ f�f2Þ ¼ 0; ð38aÞ

� 2i�1þqo _f� i�3a23of� i�3a21ojcj2c� i�3a22oc
2f�

� i�3a24of
2c�

� i�3a25ojfj2f

þ 2�3os2fþ �3b21cþ 3�3g21jcj
2cþ 2�3g22jcj

2fþ �3g22c
2f�

þ 2�3g23cjfj
2 þ �3g23f

2c�

þ 3�3g24jfj
2f� �3

b24f
�
þ b22c

�

2
þ 2g25ð�

3c�c2 þ �1þrc0cÞ þ g26�
3ðc�f2 þ c2f

�
Þ

þ g26�
1þrðc0fþ cf0Þ þ 2g27�

3ðf0fþ f�f2Þ ¼ 0: ð38bÞ
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We find that in the case q ¼ 2; the first terms of Eq. (38) have same magnitude order as all other
nonlinear terms.
Based on Eqs. (35) and (37), the differential equation for the evolution of the complex

amplitudes c and f can be derived as

dc
dt

¼ ða1 þ i ~a1Þcþ ðb1 þ i ~b1Þjcj2cþ i~c1jcj2fþ i ~d1jfj2cþ ðe1 þ i~e1Þjfj2f

þ ðf 1 þ i ~f 1Þc
2f�

þ ðg1 þ i ~g1Þf
2c�

þ i ~h1fþ i~i1c
�
þ i~j1f

�; ð39aÞ

df
dt

¼ ða2 þ i ~a2Þfþ ðb2 þ i ~b2Þjcj2cþ i~c2jcj2fþ i ~d2jfj2cþ ðe2 þ i~e2Þjfj2f

þ ðf 2 þ i ~f 2Þc
2f�

þ ðg2 þ i ~g2Þf
2c�

þ i ~h2cþ i~i2c
�
þ i~j2f

�; ð39bÞ

where the coefficients presented in Eq. (39) can be found in Appendix C.
In order to transform Eq. (39) into the polar coordinate, let

cðtÞ ¼ rðtÞ expðiaðtÞÞ; (40a)

fðtÞ ¼ wðtÞ expðibðtÞÞ: (40b)

Substituting Eq. (40) into Eq. (39) and separating the real and imaginary parts, we obtain the
averaged equations as follows

dr
dt

¼ a1rþ b1r3 þ ~c1r2w sinða� bÞ þ e1w3 cosða� bÞ þ ~e1w3 sinða� bÞ

þ f 1r
2w cosða� bÞ � ~f 1r

2w sinða� bÞ þ g1rw
2 cosð2a� 2bÞ

þ ~g1rw
2 sinð2a� 2bÞ þ ~h1w sinða� bÞ þ ~i1r sinð2aÞ þ ~j1w sinðaþ bÞ; ð41aÞ

r
da
dt

¼ ~a1rþ ~b1r3 þ ~c1r2w cosða� bÞ þ ~d1rw2 � e1w3 sinða� bÞ þ ~e1w3 cosða� bÞ

þ f 1r
2w sinða� bÞ þ ~f 1r

2w cosða� bÞ � g1rw
2 sinð2a� 2bÞ

þ ~g1rw
2 cosð2a� 2bÞ þ ~h1w cosða� bÞ þ ~i1r cosð2aÞ þ ~j1w cosðaþ bÞ; ð41bÞ

dw
dt

¼ a2wþ b2r3 cosða� bÞ � ~b2r3 sinða� bÞ � ~d2rw2 sinða� bÞ þ e2w3

þ f 2r
2w cosð2a� 2bÞ � ~f 2r

2w sinð2a� 2bÞ þ g2rw
2 cosða� bÞ

þ ~g2r w
2 sinða� bÞ � ~h2r sinða� bÞ þ ~i2r sinðaþ bÞ þ ~j2w sinð2bÞ; ð41cÞ

w
db
dt

¼ ~a2wþ b2r3 sinða� bÞ þ ~b2r3 cosða� bÞ þ ~c2r2wþ ~d2rw2 cosða� bÞ þ ~e2w3

þ f 2r
2w sinð2a� 2bÞ þ ~f 2r

2w cosð2a� 2bÞ � g2rw
2 sinða� bÞ

þ ~g2rw
2 cosða� bÞ þ ~h2r cosða� bÞ þ ~i2r cosðaþ bÞ þ ~j2w cos ð2bÞ: ð41dÞ
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The averaged equation (41) in the polar coordinate form can be denoted in the Cartesian
form, let

c ¼ x1 þ ix2; f ¼ x3 þ ix4; (42)

where

x1 ¼ r cos a; x2 ¼ r sin a; x3 ¼ w cos b; x4 ¼ w sin b: (43)

Substituting (42) into Eq. (39), the averaged equations in the Cartesian form are obtained as
follows:

dx1

dt
¼ a1x1 þ ð~i1 � ~a1Þx2 þ ð~j1 � ~h1Þx4 þ b1x1ðx

2
1 þ x2

2Þ �
~b1x2ðx

2
1 þ x2

2Þ � ~c1x4ðx
2
1 þ x2

2Þ

� ~d1x2ðx
2
3 þ x2

4Þ þ e1x3ðx
2
3 þ x2

4Þ � ~e1x4ðx
2
3 þ x2

4Þ þ f 1x3ðx
2
1 � x2

2Þ þ
~f 1x4ðx

2
1 � x2

2Þ

þ g1x1ðx
2
3 � x2

4Þ þ ~g1x2ðx
2
3 � x2

4Þ þ 2f 1x1x2x4 � 2 ~f 1x1x2x3 þ 2g1x2x3x4 � 2 ~g1x1x3x4;

ð44aÞ

dx2

dt
¼ ð~i1 þ ~a1Þx1 þ a1x2 þ ð ~h1 þ ~j1Þx3 þ b1x2ðx

2
1 þ x2

2Þ þ
~b1x1ðx

2
1 þ x2

2Þ þ ~c1x3ðx
2
1 þ x2

2Þ

þ ~d1x1ðx
2
3 þ x2

4Þ þ ~e1x3ðx
2
3 þ x2

4Þ þ e1x4ðx
2
3 þ x2

4Þ � f 1x4ðx
2
1 � x2

2Þ þ
~f 1x3ðx

2
1 � x2

2Þ

� g1x2ðx
2
3 � x2

4Þ þ ~g1x1ðx
2
3 � x2

4Þ þ 2f 1x1x2x3 þ 2 ~f 1x1x2x4 þ 2g1x1x3x4 þ 2 ~g1x2x3x4;

ð44bÞ

dx3

dt
¼ ð~i2 � ~h2Þx2 þ a2x3 þ ð~j2 � ~a2Þx4 þ b2x1ðx

2
1 þ x2

2Þ �
~b2x2ðx

2
1 þ x2

2Þ � ~c2x4ðx
2
1 þ x2

2Þ

� ~d2x2ðx
2
3 þ x2

4Þ þ e2x3ðx
2
3 þ x2

4Þ � ~e2x4ðx
2
3 þ x2

4Þ þ f 2x3ðx
2
1 � x2

2Þ þ
~f 2x4ðx

2
1 � x2

2Þ

þ g2x1ðx
2
3 � x2

4Þ þ ~g2x2ðx
2
3 � x2

4Þ þ 2f 2x1x2x4 � 2 ~f 2x1x2x3 þ 2g2x2x3x4 � 2 ~g2x1x3x4;

ð44cÞ

dx4

dt
¼ ð ~h2 þ ~i2Þx1 þ a2x4 þ ð ~a2 þ ~j2Þx3 þ b2x2ðx

2
1 þ x2

2Þ þ
~b2x1ðx

2
1 þ x2

2Þ þ ~c2x3ðx
2
1 þ x2

2Þ

þ ~d2x1ðx
2
3 þ x2

4Þ þ e2x4ðx
2
3 þ x2

4Þ þ ~e3x4ðx
2
3 þ x2

4Þ � f 2x4ðx
2
1 � x2

2Þ þ
~f 2x3ðx

2
1 � x2

2Þ

� g2x2ðx
2
3 � x2

4Þ þ ~g2x1ðx
2
3 � x2

4Þ þ 2f 2x1x2x3 þ 2 ~f 2x1x2x4 þ 2g2x1x3x4 þ 2 ~g2x2x3x4;

ð44dÞ

where a1 ¼ �a11=2; ~a1 ¼ �s1; ~h1 ¼ �b13=2o; ~i1 ¼ b12=4o; ~j1 ¼ b14=4o; a2 ¼ �a23=2; ~a2 ¼ �s2;
~h2 ¼ �b21=2o; ~i2 ¼ b22=4o; ~j2 ¼ b24=4o: Other parameters can be found in the Appendix C.
The averaged Eq. (41) governs the amplitudes and phases of the approximate solutions. Taking

into account Eqs. (35), (37) and (40), we obtain the approximate solutions of Eq. (26) as a sum of
a contribution of order � and a contribution of order �2

xðtÞ ¼ � ~x1ðtÞ þ �2 ~x2ðtÞ þ Oð�3Þ; (45a)
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~x1ðtÞ ¼ 2rðtÞ cosðot � aðtÞÞ; (45b)

~x2ðtÞ ¼ �
2

o2
ðg15r

2ðtÞ þ g16rðtÞwðtÞ cosðaðtÞ � bðtÞÞ þ g17w
2ðtÞÞ þ

2

3o2
½g15r

2ðtÞ cosð2ot � 2aðtÞÞ

þ g16rðtÞwðtÞ cosð2ot � aðtÞ � bðtÞÞ þ g17w
2ðtÞ cosð2ot � 2bðtÞÞ� ð45cÞ

and

yðtÞ ¼ � ~y1ðtÞ þ �2 ~y2ðtÞ þ Oð�3Þ; (46a)

~y1ðtÞ ¼ 2wðtÞ cosðot � bðtÞÞ; (46b)

~y2ðtÞ ¼ �
2

o2
ðg25r

2ðtÞ þ g26rðtÞwðtÞ cosðaðtÞ � bðtÞÞ þ g27w
2ðtÞÞ þ

2

3o2
½g25r

2ðtÞ cosð2ot � 2aðtÞÞ

þ g26rðtÞwðtÞ cosð2ot � aðtÞ � bðtÞÞ þ g27w
2ðtÞ cosð2ot � 2bðtÞÞ�: ð46cÞ

The validity of the approximate solutions should be expected to be restricted on bounded
intervals of variable t; that is, time scale t ¼ Oð1=�2Þ: If we wish to construct the approximate
Fig. 2. Response–amplitude of excitation curves. The dots stand for unstable and plus sign for stable solutions

(s1 ¼ 0;s2 ¼ 0).
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solutions on larger intervals such that t ¼ Oð1=�Þ; higher-order nonlinear terms will generally
have the influence on the solutions.
4. Stability analysis of steady-state solutions

The fixed points of the averaged equation (41) correspond to the phase-locked periodic
solutions of system (26). The stability of the solutions can be determined by investi-
gating the characteristic equations. Therefore, letting dr=dt ¼ dw=dt ¼ da=dt ¼ db=dt ¼ 0;
we can obtain the algebraic equations determining the steady-state solutions of Eq. (26)
as follows:

a1rþ b1r3 þ ~c1r2w sinða� bÞ þ e1w3 cosða� bÞ þ ~e1w3 sinða� bÞ

þ f 1r
2w cosða� bÞ � ~f 1r

2w sinða� bÞ þ g1rw
2 cosð2a� 2bÞ

þ ~g1rw
2 sinð2a� 2bÞ þ ~h1w sinða� bÞ þ ~i1r sin 2aþ ~j1w sinðaþ bÞ ¼ 0: ð47aÞ
Fig. 3. Response–frequency of excitation curves. The dots stand for unstable and plus sign for stable solutions

(p ¼ 61000; s1 ¼ 0).
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~a1rþ ~b1r3 þ ~c1r2w cosða� bÞ þ ~d1rw2 � e1w3 sinða� bÞ þ ~e1w3 cosða� bÞ

þ f 1r
2w sinða� bÞ þ ~f 1r

2w cosða� bÞ � g1rw
2 sinð2a� 2bÞ

þ ~g1rw
2 cosð2a� 2bÞ þ ~h1w cosða� bÞ þ ~i1r cosð2aÞ þ ~j1w cosðaþ bÞ ¼ 0; ð47bÞ

a2wþ b2r3 cosða� bÞ � ~b2r3 sinða� bÞ � ~d2rw2 sinða� bÞ þ e2w3

þ f 2r
2w cosð2a� 2bÞ � ~f 2r

2w sinð2a� 2bÞ þ g2rw
2 cosða� bÞ

þ ~g2rw
2 sinða� bÞ � ~h2r sinða� bÞ þ ~i2r sinðaþ bÞ þ ~j2w sin 2b ¼ 0; ð47cÞ

~a2wþ b2r3 sinða� bÞ þ ~b2r3 cosða� bÞ þ ~c2r2wþ ~d2rw2 cosða� bÞ þ ~e2w3

þ f 2r
2w sinð2a� 2bÞ þ ~f 2r

2w cosð2a� 2bÞ � g2rw
2 sinða� bÞ

þ ~g2rw
2 cosða� bÞ þ ~h2r cosða� bÞ þ ~i2r cosðaþ bÞ þ ~j2w cosð2bÞ ¼ 0: ð47dÞ

In order to determine the stability of the steady state responses, let

r ¼ r0 þ dr; w ¼ w0 þ dw; a ¼ a0 þ da; b ¼ b0 þ db; (48)

where (r0; w0; a0; b0Þ are the solutions of Eq. (47), dr; dw; da and db represent the perturbations
to the steady-state responses. Substituting Eq. (48) into Eq. (41) and using Eq. (47), the parts of
Fig. 4. The period motion for the first-order mode and period-7 motion for the second-order mode in the

antisymmetric cross-ply laminated composite rectangular thin plate when b12 ¼ 4; (a) the phase portrait on plane

ðx1; x2Þ; (b) the waveform on plane ðt; x1Þ; (c) phase portrait on plane ðx3;x4Þ and (d) the waveform on plane ðt; x3Þ:



ARTICLE IN PRESS

M. Ye et al. / Journal of Sound and Vibration 287 (2005) 723–758 739
the linearization for the resulting equations are

dðdrÞ
dt

¼ C11drþ C12dwþ C13daþ C14db; (49a)

dðdwÞ
dt

¼ C21drþ C22dwþ C23daþ C24db; (49b)

dðdaÞ
dt

¼ C31drþ C32dwþ C33daþ C34db; (49c)

dðdbÞ
dt

¼ C41drþ C42dwþ C43daþ C44db; (49d)

where all coefficients Cijði ¼ 1; . . . ; 4; j ¼ 1; . . . ; 4Þ are presented in the Appendix D.
The coefficient matrix of Eq. (49) is expressed by

A ¼

C11 C12 C13 C14

C21 C22 C23 C24

C31 C32 C33 C34

C41 C42 C43 C44

2
6664

3
7775: (50)
Fig. 5. Chaotic motion in the antisymmetric cross-ply laminated composite rectangular thin plate when b12 ¼ 10:
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Let

p ¼ �trðAÞ; q ¼ detðAÞ: (51)

Then, the characteristic equation of the nontrivial steady-state solutions is of form

DðlÞ ¼ l2 þ plþ q ¼ 0: (52)

If the real parts of all eigenvalues are negative, the corresponding steady-state solutions are
stable. Otherwise, these solutions are unstable. The Hopf bifurcation can cause the instability of
the steady-state solutions since a pair of pure imaginary eigenvalues exists in Eq. (52).
Furthermore, the complex eigenvalues with negative real parts for Eq. (52) change to those with
positive real parts.
5. Numerical simulation of nonlinear responses

In this section, the steady-state nonlinear responses of the antisymmetric cross-ply laminated
composite rectangular thin plate under parametric excitation is numerically investigated for the
case of primary parametric resonance and 1:1 internal resonance.
Consider a Glass/Epoxy system [32] in which the parameters are chosen as follows:

E1 ¼ 7:8 106 lb=in2; E2 ¼ 2:6 106 lb=in2; n12 ¼ 0:25; Q11 ¼ 7:966 106 lb=in2;
Fig. 6. Chaotic motion in the antisymmetric cross-ply laminated composite rectangular thin plate when b12 ¼ 20:
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Q12 ¼ 0:6638 106 lb=in2; Q22 ¼ 2:655 106 lb=in2; Q66 ¼ 1:25 106 lb=in2;

G12 ¼ 1:25 106 lb=in2; n ¼ 4ð0=90=0=90Þ; h ¼ 1 in; r ¼ 5:1 10�2 lb=in2;

k ¼ 0:1; Z ¼ 0:2; a ¼ 100 in; b ¼ 30 in; N0 ¼ 10 lb:

Using the aforementioned parametric values, the damping and stiffness coefficients can be
obtained by Eq. (B.1) in Appendix B. In the following numerical study, we only analyze the
influence of the parametric excitation and frequency on nonlinear responses of the antisymmetric
cross-ply laminated composite rectangular thin plate.
Using Eq. (47), the numerical results are obtained, as shown in Figs. 2 and 3. Fig. 2 indicates

that the amplitudes of the first two modes are changed as the amplitude of parametric excitation
N1 ¼ p changes, where s1 ¼ 0 and s2 ¼ 0: The dot and plus sign represent the unstable and stable
solutions, respectively. It is found that the trivial solution is always stable, which means that an
equilibrium state of the antisymmetric cross-ply laminated composite rectangular thin plate under
parametric excitation always exists. However, as parametric excitation N1 increases from zero to
sA; the nontrivial solutions change to unstable. When N14sA; one of the nontrivial solutions
becomes stable. Fig. 2b gives another situation in which there exist not any stable nontrivial
solutions for small parametric excitation. When the excitation amplitude N1 is larger than a
critical value sA; there is a region where only one stable steady state solution appears.
Fig. 7. Chaotic motion in the antisymmetric cross-ply laminated composite rectangular thin plate when b12 ¼ 90:
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In Fig. 3, the frequency–response curves are given for the case N1 ¼ 61 000 and s1 ¼ 0: Similar
to the aforementioned situation, only one stable-steady solution appears when s2 increases from
zero. There exist not any stable solutions when s2 is greater than sB:
Comparing with the numerical simulations, the asymptotic perturbation method gives a quite

accurate prediction on the steady-state periodic responses when the amplitude of the parametric
excitation N1 is small. Nevertheless, the solutions obtained by using the analytical method are
smaller than the exact ones when the parametric excitation N1 is rather large. The differences are
caused by the introduction of the small parameter � in the application of the asymptotic
perturbation method.
6. Numerical simulation of periodic and chaotic motions

We choose averaged Eq. (44) to do numerical simulation of the periodic and chaotic motions.
Numerical approach through a computer software Dynamics [34] is utilized to explore the
existence of the periodic and chaotic motions in the antisymmetric cross-ply laminated composite
rectangular thin plate under parametric excitation.
We choose that parametric excitation b12 as controlling parameter when the periodic and

chaotic responses in the antisymmetric cross-ply laminated composite rectangular thin plate are
Fig. 8. The period motion for the first-order mode and period-7 motion for the second-order mode in the

antisymmetric cross-ply laminated composite rectangular thin plate when b12 ¼ 132:
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b12 ¼ 138:
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investigated. In the following investigation, we will indicate that the motions of the antisymmetric
cross-ply laminated composite rectangular thin plate can be changed from the periodic motion to
the chaotic motion, then to the periodic motion as the parametric excitation b12 changes, as shown
in Figs. 4–12.
Fig. 4 demonstrates the existence of the period motion for the first-order mode and period-7

motion for the second-order mode in the antisymmetric cross-ply laminated composite
rectangular thin plate when b12 ¼ 4: Other parameters and initial conditions are chosen as a11 ¼
a23 ¼ 0:16; s1 ¼ 3:26; s2 ¼ 1:57; o ¼ 1; b14 ¼ 20; b22 ¼ 60; b24 ¼ 80; ~h1 ¼ �1:4; ~h2 ¼ �1:6; b1 ¼

�0:021; b2 ¼ �0:02; ~b1 ¼ 2:1; ~b2 ¼ 2:7; ~c1 ¼ 16:1; ~c2 ¼ 11:93; ~d1 ¼ 3:4; ~d2 ¼ 2:9; e1 ¼ �1:5; e2 ¼
�1:06; ~e1 ¼ 3:8; ~e2 ¼ 2:14; f 1 ¼ �1:61; f 2 ¼ �1:08; ~f 1 ¼ �5:3; ~f 2 ¼ �1:22; g1 ¼ �1:41; g2 ¼ 1:18;
~g1 ¼ �3:2; ~g2 ¼ 2:11; x10 ¼ 0:12; x20 ¼ 0:05; x30 ¼ 0:325; x40 ¼ 0:16: Figs. 4a–d, respectively,
represent the phase portraits on the planes ðx1;x2Þ; ðx3; x4Þ and the waveforms on the planes ðt; x1Þ;
ðt;x3Þ: When the parametric excitation b12; is respectively, increased to b12 ¼ 10; b12 ¼ 20 and
b12 ¼ 90; the chaotic motions of the antisymmetric cross-ply laminated composite rectangular
thin plate occur, as shown in Figs. 5–7. In these cases, the chosen parameters and initial
conditions are same as those in Fig. 4. It is found from Figs. 5–7 that there exists a large difference
between the phase portrait on the plane ðx1; x2Þ and the phase portrait on the plane ðx3;x4Þ:
When the parametric excitation b12 is changed to b12 ¼ 132; it is also found that the period

motion for the first-order mode and period-7 motion for the second-order mode exist in the
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Fig. 10. The multipulse chaotic motion in the antisymmetric cross-ply laminated composite rectangular thin plate when

b12 ¼ 144:
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antisymmetric cross-ply laminated composite rectangular thin plate, as shown in Fig. 8. In this
case, the chosen parameters and initial conditions are same as those in Fig. 4. Figs. 9–11 indicate
the existence of the chaotic motions of the antisymmetric cross-ply laminated composite
rectangular thin plate when the parametric excitation b12; respectively, is b12 ¼ 138; b12 ¼ 144 and
b12 ¼ 150: In these cases, the chosen parameters and initial conditions are same as those in Fig. 4.
It is observed that the multipulse chaotic motions exist in Figs. 9–11. Continuously increasing the
parametric excitation to b12 ¼ 156; it is found that the multipulse periodic motion occurs, as
shown in Fig. 12.
It is seen from Figs. 9–11 that the shape of the chaotic motion for the first-order mode is

different from that for the second-order mode. The existence on the multipulse orbits in the
antisymmetric cross-ply laminated composite rectangular thin plate is also observed in Figs. 9–12.
7. Conclusions

In this paper, we investigate nonlinear oscillations and chaotic dynamics of a four-edges simply
supported antisymmetric cross-ply laminated composite rectangular thin plate subjected to in-
plane load. In the aforementioned investigations, material, geometrical and damping nonlinea-
rities are simultaneously considered. The governing partial differential equations of motion for



ARTICLE IN PRESS

Fig. 11. The multipulse chaotic motion in the antisymmetric cross-ply laminated composite rectangular thin plate when

b12 ¼ 150:
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the antisymmetric cross-ply laminated composite rectangular thin plate is first derived by using
the von Karman-type nonlinear plate theory. The Galerkin method is used to reduce the partial
differential equations to a two dof nonlinear system including the quadratic, cubic nonlinear
terms and parametric excitations. The asymptotic perturbation method is utilized to obtain the
averaged equations of the system under parametric excitation for the first time. Based on the
averaged equations, the steady-state nonlinear responses and their stabilities are determined by
using numerical approach. The relation between the steady-state nonlinear responses and the
amplitude and frequency of parametric excitation is obtained. Under the certain conditions, the
antisymmetric cross-ply laminated composite rectangular thin plate may have two steady-state
nonzero solutions in which the jumping phenomenon occurs. Numerical simulation is also used to
discover the periodic and chaotic motions in the antisymmetric cross-ply laminated composite
rectangular thin plate. It is observed from the numerical results that the multipulse orbits exist in
the antisymmetric cross-ply laminated composite rectangular thin plate.
In Refs. [9,10], Ganapathi et al. used the eight-noded finite element method to study the

nonlinear instability behavior of angle-ply laminated composite plate subjected to periodic in-
plane load. In this paper, we only analyze nonlinear oscillations and chaotic dynamics of a
four-edges simply supported antisymmetric cross-ply laminated composite rectangular thin
plate subjected to in-plane load by using the asymptotic perturbation method developed
by Maccari [24–28]. The problem considered by this paper is different from one considered
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Fig. 12. The multipulse periodic motion in the antisymmetric cross-ply laminated composite rectangular thin when

b12 ¼ 156:
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by Ganapathi et al. [9,10] although the quadratic terms are included in the equations of
transverse motion.
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Appendix A

The coefficients mij ði ¼ 1; 2; j ¼ 1; . . . ; 4Þ; hij ði; j ¼ 1; 2Þ and Oij ði; j ¼ 1; 2Þ presented in Eq. (21)
are as follows:
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where a ¼ a=b is the ratio between the width and length of the plate.
The coefficients j1i ði ¼ 1; . . . ; 7Þ and j2i ði ¼ 1; . . . ; 7Þ in Eq. (21) are given as
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þ
1

3m1
ð8A12A

2
66 þ 2A2

12A66 þ 2A3
12 � 2A2

11A12Þ þ
7b4A2

11A66

24a4m2
þ
27b4A2

11A66

a4m5

þ
1

96m3
ð106A2

11A66 � 48A12A
2
66 � 12A3

12 � 97A2
12A66 þ 12A2

11A12Þ þ
a4A2

11A66

6b4m4

þ
b2

32a2m4
ð33A11A12A66 � 24A11A

2
12 þ 162A11A

2
66 þ 24A3

11Þ þ
a2A11A66

12b2m5

ð2A12 þ 3A66Þ

þ
b2

48a2m2
ð8A11A

2
66 � 14A11A

2
12 � 23A11A12A66 þ 14A3

11Þ �
a2A11A66

6b2m1

ð2A66 þ A12Þ

þ
b2

4a2m5
ð12A3

11 � 12A11A
2
12 þ 81A11A

2
66 þ 30A11A12A66Þ þ

a4A2
11A66

48b4m2

þ
a4A2

11A66

6b4m3

þ
8b2A11

3a2m1
ðA12A66 þ A2

12 � 2A2
66 � A2

11Þ þ
a2A11

24b2m3

ðA2
11 þ 24A2

66 � A2
12 þ 10A12A66Þ

þ
b2

96a2m3
ð8A3

11 � 8A11A
2
12 þ 6A11A

2
66 � 13A11A12A66Þ þ

17

24

p4

a4rhA11
ðA2

11 � A2
12Þ

þ
a2A11

8b2m4

ð8A2
66 � 3A2

12 þ 3A2
11 � 2A12A66Þ þ

a2A11

48b2m2

ð8A2
66 � A2

12 þ A2
11 þ 3A12A66Þ

þ
1

48

p4

b4rhA11

ð19A2
11 � 21A2

12Þ �
1

24

p4

a2b2rh
ð5A66 þ 4A12Þ;

j26 ¼
A66

3m1
ð32A2

11 � 24A12A66 � 32A2
12Þ þ

1

8

p4

b4rhA11

ð4A2
11 � 5A2

12Þ �
1

12

p4

a2b2rh
ð29A66 þ 2A12Þ

þ
1

24m2
ð12A2

11A66 � 17A2
12A66 � 14A12A

2
66 � 4A3

12 þ 4A2
11A12Þ þ

64b2A2
66A11

3a2m1
þ

a4A2
11A66

8b4m2

þ
b2A66A11

6a2m2
ð2A66 þ A12Þ þ

1

24

a2A11

b2m2

ð6A2
66 � 3A2

12 � 2A12A66 þ 3A2
11Þ þ

2a2A2
66A11

3b2m1

;

j27 ¼
1

3m6
ð8A2

11A12 þ 16A2
11A66 � 8A3

12 � 20A12A
2
66 � 28A2

12A66Þ �
1

24

p4

a2b2rh
ð77A66 þ 9A12Þ

þ
1

12m1
ð69A2

11A66 � 70A12A
2
66 � 71A2

12A66 � 2A3
12 þ 2A2

11A12Þ þ
1024b4A2

11A66

3a4m6

þ
1

12m2
ð4A2

11A66 � 7A2
12A66 � 6A12A

2
66 � 2A3

12 þ 2A2
11A12Þ þ

64

3

b2A11

a2m6
ð3A2

66 þ A2
11 � A2

12Þ

þ
1

3

b2A11

a2m1
ðA2

11 � A2
12 þ 67A2

66Þ þ
b2A11A66

6a2m2
ð2A66 þ A12Þ þ

a2A11A66

6b2m6

ðA66 þ A12Þ

þ
1

48

a2A11

b2m1

ð3A2
66 � A2

12 þ A2
11Þ þ

1

12

a2A11

b2m2

ð2A2
66 � A2

12 þ A2
11Þ þ

a4A2
11A66

192b4m1

þ
a4A2

11A66

12b4m2
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þ
17

12

p4

a4rhA11
ðA2

11 � 2A2
12 � 2A12A66Þ þ

1

192

p4

b4rhA11

ð53A2
11 � 70A2

12Þ þ
4b4A2

11A66

3a4m1
; ðA:2Þ

where

m1 ¼
rh

p4
ð�8A12a

2A66b
2
þ 4a2A2

11b
2
þ a4A11A66 � 4A2

12a
2b2 þ 16A66b

4A11Þ;

m2 ¼
rh

p4
ða2A2

11b
2
þ a4A11A66 þ A66b

4A11 � A2
12a

2b2 � 2A12a
2A66b

2
Þ;

m3 ¼
rh

p4
ð�4A2

12a
2b2 þ 4a2A2

11b
2
þ 16a4A11A66 � 8A12a

2A66b
2
þ A66b

4A11Þ;

m4 ¼
rh

p4
ð36a2A2

11b
2
þ 16a4A11A66 þ 81A66b

4A11 � 36A2
12a

2b2 � 72A12a
2A66bÞ;

m5 ¼
rh

p4
ð9a2A2

11b
2
þ a4A11A66 þ 81A66b

4A11 � 9A2
12a

2b2 � 18A12a
2A66b

2
Þ;

m6 ¼
rh

p4
ð16a2A2

11b
2
þ 256A66b

4A11 þ a4A11A66 � 16A2
12a

2b2 � 32A12a
2A66bÞ: ðA:3Þ
Appendix B

The coefficients presented in Eq. (23) are as follows:

Z ¼
z
rh

; a11 ¼
Z
~O11

; a1i ¼
~s1ði�1Þ
~O11

h4a
a2

ði ¼ 2; . . . ; 5Þ; b11 ¼ 1; b12 ¼ 2 ~m11; b13 ¼
~O
2

12

~O
2

11

;

b14 ¼ 2 ~m12
~O
2

12

~O
2

11

; g1i ¼
~j1i

~O
2

11

h4a
a2

ði ¼ 1; . . . ; 7Þ; a21 ¼
~s21
~O11

h4a
a2

; a22 ¼
~s22
~O11

h4a
a2

;

a23 ¼
Z
~O11

; a24 ¼
~s23
~O11

h4a
a2

; a25 ¼
~s24
~O11

h4a
a2

; b21 ¼
~O
2

21

~O
2

11

; b22 ¼ 2 ~m21
~O
2

21

~O
2

11

;

b23 ¼
~O
2

22

~O
2

11

; b24 ¼ 2 ~m22
~O
2

22

~O
2

11

; g2i ¼
~j2i

~O
2

11

h4a
a2

ði ¼ 1; . . . ; 7Þ; ðB:1Þ

where

~s11 ¼
p4k

40a3rh
27þ 19

A12

A11
a2

� �
; ~s12 ¼ �

3p4k
20a3rh

10�
A12

A11
a2

� �
; ~s13 ¼

3p4k
5a3rh

3þ
A12

A11
a2

� �
;

~s14 ¼ �
3p4k
5a3rh

12þ
A12

A11
a2

� �
; ~s21 ¼ �

3p4k
20a3rh

3þ
A12

A11
a2

� �
; ~s22 ¼

3p4k
20a3rh

12þ
A12

A11
a2

� �
;

~s23 ¼ �
3p4k
5a3rh

2� 3
A12

A11
a2

� �
; ~s24 ¼

p4k
10a3rh

108� 19
A12

A11
a2

� �
;
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~O
2

11 ¼
p2

a4rh

16

15
p2D11ð9þ 5a4Þ þ

32

5
p2a2ðD12 þ 2D66Þ �

4

15
a2 9þ 5

A12

A11
a2

� �
N0

�

�
32

15
p2

B2
11

A11
ð3þ a4Þ þ

6k0

5k1

�
;

~O
2

12 ¼
p2

a4rh

32

5
a2N0 �

512

5
p2D11 �

256

15
p2a2ðD12 þ 2D66Þ þ

32B2
11

15A11
p2ð32� a4Þ

�

þ6p2a2
B11A66

A11
þ
4k2

5k3

�
;

~m11 ¼
2p2

15a2rh ~O
2

11

9þ 5
A12

A11
a2

� �
N1; ~m12 ¼ �

16p2

5a2rh ~O
2

12

N1;

~O
2

21 ¼
p2

a4rh

8

5
a2N0 �

32

5
p2D11 �

64

15
p2a2ðD12 þ 2D66Þ þ

32B2
11

15A11
p2ð2� a4Þ �

4k0

5k1

� �
;

~O
2

22 ¼
p2

a4rh

16

15
p2D11ð144þ 5a4Þ �

4

15
36þ 5

A12

A11
a2

� �
a2N0 þ

128

5
p2a2ðD12 þ 2D66Þ

�

�
32B2

11

15A11
p2ð48þ a4Þ �

16

3
p2a2

B11A66

A11

�
;

~m21 ¼ �
4p2

5a2rh ~O
2

21

N1; ~m22 ¼
2p2

15a2rh ~O
2

22

36þ 5
A12

A11
a2

� �
N1;

~j1i ¼
6

5
j1i �

4

5
j2i ði ¼ 1; . . . ; 7Þ; ~j2i ¼

6

5
j2i �

4

5
j1i ði ¼ 1; . . . ; 7Þ ðB:2Þ

and

k0 ¼ �
8

3
B2
11p

2 A66 a6 þ
1

a2

� �
þ A11ð1þ a4Þ þ 2ðA12 þ A66Þa2

� �
;

k1 ¼ ðA2
11 � A2

12 � 2A12A66Þ þ A11A66 a2 þ
1

a2

� �
;

k2 ¼ A66B
2
11 a6 þ

256

a2

� �
þ B11ðA

2
66 þ 4A11B11Þa4 þ 16B11ðA12A66 þ A2

66 þ 4A11B11Þ

þ 4B11ðA11A66 þ 8A66B11 þ 8A12B11Þa2;

k3 ¼ 4ðA2
11 � A2

12 � 2A12A66Þ þ A11A66 a2 þ
16

a2

� �
: (B.3)
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Appendix C

The coefficients in Eqs. (39) and (44) are given as

a1 ¼ �
a11
2

; ~a1 ¼ �s1; b1 ¼ �
a12
2

; ~b1 ¼
1

2o
�3g11 þ

10g215
3o2

þ
g16ð6g15 � g25Þ

3o2

� �
;

~c1 ¼
1

o
�g12 þ

2g15g16
3o2

þ
g16ð3g15 þ g26Þ

3o2
þ
2g17g25
o2

� �
;

~d1 ¼
1

o
�g13 þ

2g15g17
o2

þ
g16ðg16 þ 3g27Þ

3o2
þ
2g17g26
3o2

� �
; e1 ¼ �

a15
2

;

~e1 ¼
1

2o
�3g14 þ

5g16g17
3o2

þ
10g17g27
3o2

� �
; ~f 1 ¼ �

1

2o
g12 �

2g15g16
o2

þ
g16ðg15 � 3g26Þ

3o2
þ
2g17g25
3o2

� �
;

f 1 ¼ �
a13
2

; g1 ¼ �
a14
2

; ~g1 ¼ �
1

2o
g13 þ

2g15g17
3o2

�
g16ð3g16 � g27Þ

3o2
�
2g17g26
o2

� �
; ~h1 ¼ �

b13
2o

;

~i1 ¼
b12
4o

; ~j1 ¼
b14
4o

; a2 ¼ �
a23
2

; ~a2 ¼ �s2; ~b2 ¼
1

2o
�3g21 þ

10g15g25
3o2

þ
g26ð6g15 � g25Þ

3o2

� �
;

b2 ¼ �
a21
2

; ~c2 ¼
1

o
�g22 þ

2g16g25
3o2

þ
g26ð3g15 þ g26Þ

3o2
þ
2g25g27
o2

� �
;

~d2 ¼
1

o
�g23 þ

2g17g25
o2

þ
g26ðg16 þ 3g27Þ

3o2
þ
2g26g27
3o2

� �
; e2 ¼ �

a25
2

;

~e2 ¼ �
1

2o
3g24 �

5g17g26
3o2

�
10g227
3o2

� �
; f 2 ¼ �

a22
2

;

~f 2 ¼ �
1

2o
g22 �

2g16g25
o2

þ
g26ðg15 � 3g26Þ

3o2
þ
2g25g27
3o2

� �
; g2 ¼ �

a24
2

;

~g2 ¼ �
1

2o
g23 þ

2g17g25
3o2

�
g26ð3g16 � g27Þ

3o2
�
2g26g27
o2

� �
;

~h2 ¼ �
b21
2o

; ~i2 ¼
b22
4o

; ~j2 ¼
b24
4o

ðC:1Þ

Appendix D

The coefficients Cijði ¼ 1; . . . ; 4; j ¼ 1; . . . ; 4Þ of Eqs. (49) are given as follows:

C11 ¼ 2g1w
2
0 cosða0 � b0Þ

2
þ ~i1 sinð2a0Þ þ ~g1w

2
0 sinð2a0 � 2b0Þ þ 2f 1r0w0 cosða0 � b0Þ

� 2 ~f 1r0w0 sinða0 � b0Þ � g1w
2
0 þ 2~c1r0w0 sinða0 � b0Þ þ 3b1r20 þ a1;

C12 ¼ 3e1w20 cosða0 � b0Þ þ 3~e1w20 sinða0 � b0Þ þ f 1r
2
0 cosða0 � b0Þ � 2g1r0w0

� ~f 1r
2
0 sinða0 � b0Þ þ ~c1r20 sinða0 � b0Þ þ ~h1 sinða0 � b0Þ þ ~j1 sinða0 þ b0Þ

þ 2 ~g1r0w0 sinð2a0 � 2b0Þ þ 4g1r0w0 cosða0 � b0Þ
2;
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C13 ¼ � e1w30 sinða0 � b0Þ þ ~e1w30 cosða0 � b0Þ þ 2~i1r0 cosð2a0Þ þ ~j1w0 cosða0 þ b0Þ

þ ~h1w0 cosða0 � b0Þ � 2g1r0w
2
0 sinð2a0 � 2b0Þ � ~f 1r

2
0w0 cosða0 � b0Þ

� f 1r
2
0w0 sinða0 � b0Þ þ ~c1r20w0 cosða0 � b0Þ þ 2 ~g1rw

2
0 cosð2a0 � 2b0Þ;

C14 ¼ e1w30 sinða0 � b0Þ � ~e1w30 cosða0 � b0Þ þ ~j1w0 cosða0 þ b0Þ � ~h1w0 cosða0 � b0Þ

þ 2g1r0w
2
0 sinð2a0 � 2b0Þ þ ~f 1r

2
0w0 cosða0 � b0Þ þ f 1r

2
0w0 sinða0 � b0Þ

� ~c1r20w0 cosða0 � b0Þ � 2 ~g1r0w
2
0 cosð2a0 � 2b0Þ;

C21 ¼ � 2 ~f 2r0w0 sinð2a0 � 2b0Þ þ ~i2 sinða0 � b0Þ � ~h2 sinða0 � b0Þ � ~d2w20 sinða0 � b0Þ

� 3 ~b2r20 sinða0 � b0Þ þ 3b2r20 cosða0 � b0Þ þ ~g2w
2
0 sinða0 � b0Þ

þ g2w
2
0 cosða0 � b0Þ þ 2f 2r0w0 cosð2a0 � 2b0Þ;

C22 ¼ � f 2r
2
0 þ 3e2w20 � ~f 2r

2
0 sinð2a0 � 2b0Þ þ 2 ~g2r0w0 sinða0 � b0Þ þ 2g2r0w0 cosða0 � b0Þ

� 2 ~d2r0w0 sinða0 � b0Þ þ 2f 2r
2
0 cosða0 � b0Þ

2
þ ~j2 sinð2b0Þ þ a2;

C23 ¼ � ~b2r30 cosða0 � b0Þ � b2r30 sinða0 � b0Þ � ~h2r0 cosða0 � b0Þ þ ~i2r0 cosða0 � b0Þ

þ ~g2r0w
2
0 cosða0 � b0Þ � 2f 2r

2
0w0 sinð2a0 � 2b0Þ � 2 ~f 2r

2
0w0 cosð2a0 � 2b0Þ

� ~d2r0w
2
0 cosða0 � b0Þ � g2r0w

2
0 sinða0 � b0Þ;

C24 ¼
~b2r30 cosða0 � b0Þ þ b2r30 sinða0 � b0Þ þ ~h2r0 cosða0 � b0Þ � ~i2r0 cosða0 � b0Þ

þ 2~j2w0 cosð2b0Þ � ~g2r0w
2
0 cosða0 � b0Þ þ 2f 2r

2
0w0 sinð2a0 � 2b0Þ

þ 2 ~f 2r
2
0w0 cosð2a0 � 2b0Þ þ ~d2r0w

2
0 cosða0 � b0Þ þ g2r0w

2
0 sinða0 � b0Þ;

C31 ¼ 2 ~b1r0 þ ð~c1 þ ~f 1Þw0 cosða0 � b0Þ �
~j1w0
r20

cosða0 � b0Þ þ
e1w30
r20

sinða0 � b0Þ

�
ð~e1 þ ~h1Þw30

r20
cosða0 � b0Þ þ f 1w0 sinða0 � b0Þ;

C32 ¼ � 2g1w0 sinð2a0 � 2b0Þ þ 2 ~g1w0 cosð2a0 � 2b0Þ þ f 1r0 sinða0 � b0Þ

ð ~f 1 þ ~c1Þr0 cosða0 � b0Þ þ
ð ~h1 þ ~j1 þ 3~e1w20Þ

r0
cosða0 � b0Þ �

3e1w20
r0

sinða0 � b0Þ þ 2 ~d1w0;

C33 ¼ � 2~i1 sinð2a0Þ � ð ~f 1 þ ~c1Þr0w0 sinða0 � b0Þ �
~e1w30
r0

sinða0 � b0Þ � 2g1w
2
0 cosð2a0 � 2b0Þ

� 2 ~g1w
2
0 sinð2a0 � 2b0Þ � ~h1w0=r0 sinða0 � b0Þ;
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C34 ¼ ð ~f 1 þ ~c1Þr0w0 sinða0 � b0Þ � ~j1w0=r0 sinða0 þ b0Þ þ ~e1w30=r0 sinða0 � b0Þ

þ 2g1w
2
0 cosð2a0 � 2b0Þ þ ~h1w0=r0 sinða0 � b0Þ þ e1w30=r0 cosða0 � b0Þ

� f 1r0w0 cosða0 � b0Þ þ 2 ~g1w
2
0 sinð2a0 � 2b0Þ,

C41 ¼ � g2w0 sinða0 � b0Þ þ ~d2w0 cosða0 � b0Þ þ 3 ~b2r20=w0 cosða0 � b0Þ þ 3b2r20=w0
sinða0 � b0Þ2f 2r0 sinð2a0 � 2b0Þ þ 2 ~f 2r0 cosð2a0 � 2b0Þ þ ~g2w0 cosða0 � b0Þ

þ ~h2=w0 cosða0 � b0Þ þ ~i2=w0 cosða0 þ b0Þ þ 2~c2r0;

C42 ¼ 2~e2w0 þ ð ~d2 þ ~g2Þr0 cosða0 � b0Þ � g2r0 sinða0 � b0Þ þ
~b2r30
w20

cosða0 � b0Þ

�
~i2r0
w20

cosða0 þ b0Þ �
b2r30
w20

sinða0 � b0Þ �
~h2r0
w20

cosða0 � b0Þ;

C43 ¼ � 2 ~f 2r
2
0 sinð2a0 � 2b0Þ � ð ~g2 þ ~d2Þr0w0 sinða0 � b0Þ � g2r0w0 cosða0 � b0Þ

þ 2f 2r
2
0 cosð2a0 � 2b0Þ �

~b2r30
w0

sinða0 � b0Þ �
~i2r0
w0

sinða0 þ b0Þ

þ
b2r30
w0

cosða0 � b0Þ �
~h2r0
w0

sinða0 � b0Þ;

C44 ¼ 2 ~f 2r
2
0 sinð2a0 � 2b0Þ þ ð ~g2 þ ~d2Þr0w0 sinða0 � b0Þ þ g2r0w0 cosða0 � b0Þ

� 2f 2r
2
0 cosð2a0 � 2bÞ � 2~j2 sinð2b0Þ þ

~b2r30
w0

sinða0 � b0Þ

�
~i2r0
w0

sinða0 þ b0Þ �
b2r30
w0

cosða0 � b0Þ þ
~h2r0
w0

sinða0 � b0Þ: ðD:1Þ
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